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1. INTRODUCTION 
All groups considered in this paper are finite. Suppose 7~ is a set of primes. 
A subgroup H of a group G is called a Hall 7r-subgroup of G if every prime 
dividing ] HI is an element of x and no prime dividing [G : H ] is an element 
of 71. When p is a prime, p’ denotes the set of all primes different from p. 
In Hall’s famous characterization of solvable groups he proves that a 
group is solvable if and only if it has a Hall p’-subgroup for each prime p 
(see [6] or [ 7, p. 291]). It has been conjectured that a group is solvable if 
and only if it has a Hall 2’-subgroup and a Hall 3’subgroup (see [ 11). We 
verify this conjecture for groups whose composition factors are known 
simple groups. Along the way we also verify (for groups whose composition 
factors are known simple groups) a conjecture of Hall’s that if a group has a 
Hall ( p, q}-subgroup for every pair of primes p, 9, then the group is solvable 
[7, p. 2911. Thus, if one assumes the classification of finite simple groups, 
then both of these conjectures are settled in the affirmative. 
It should be noted that Spitznagel ] 141 checked Hall’s conjecture for 
many, but not all, of the Chevalley groups. In Section 3, we complete this 
check. 
Some other results are also included. Among them is a proof that if G is a 
finite group whose composition factors are known simple groups and G has 
a Hall 2’-subgroup, then any subgroup of G having odd order is contained in 
some Hall 2’-subgroup of G and any two Hall 2’-subgroups of G are 
conjugate in G. 
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2. NUMBER THEOREUC LEMMAS 
LEMMA 2.1 1171. Let p be a prime and b a positive imeger. Then one oj 
the following occurs: 
(i) There is a prime r such that r dicides (p” - I) but r does r!ol 
divide pa - 1 for any integer a with 0 < a < 6. 
(ii) p-2, b=6. 
(iii) p is Mersenne, b = 2. 
COROLL4RY 2.2. Let p be a prime and b a positive integer. If r is as in 
(i) above then r 1 (p” + 1)Jbr some integer a with 0 < a < b if and only if b 
is even. Furthermore, if b = 2a then r does not divide pC $ 1 fbr any integer c 
with 0 < c < b except c = a. 
ProoJC Suppose r 1 (p” + 1) for some integer a with 0 < a < b. Let a ‘se 
the least such integer. Then r divides ph-“(p’ $ 1) - (p” - 1) =pb-” f 1. 
By the choice of a, b -a > a so b - 2a > 0. Furthermore, r divides 
(P Ir-n+1)-(pn+1)=pa(ph-2a-1).Bythehypothesesonr,b-2amust 
be zero. Thus, b is even. 
Suppose b = 2a; then r / (p” + 1) since by hypothesis r 1 (p2’ - I j = 
(p” - l)(p” + 1) but r does not divide p” - 1. Suppose r / (p” + 1) with 
O<c<b. If c<(I then r 1 (p” + 1) - (p’ -i- 1) =p”(p”--’ -- 1) a 
contradiction. A similar contradiction is obtained if a < c. Thus. a = c. 
LEMMA 2.3. if k is an integer greater than one and p is a prime thert 
rhere exists a prime dividing pZk -- 1 which does not divide m := 
I Jf”;‘(p’ -+ (4)’ 1). 
ProoJ: Suppose k is even; then 2k does not equal 2 or 6. So by 
Lemma 2.1 there is a prime r dividing pZk - 1 such that r does not divide 
p’ -- 1 for any integer a with 0 < a < 2k. By the corollary, r I (p” + 1) for 
0 < a < 2k only when k = a. Since pk + 1 is not a factor of m, r is the 
desired prime. 
Suppose k is odd; then k does not equal 2 or 6. So by Lemma 2. i there is 
a prime s such that s 1 (p” - I) but s does not divide pa -- 1 for 0 < a < k. 
By the corollary, s does not divide (p” + 1) for 0 < a < k since k is odd. I!” 
s 1 (p” i I) for some k<a <2k then s((p”+ I)+(p”- I)=p”(p”-“+ 1) 
so s 1 (p” -k + 1). This contradicts the observation made above unless k := LI 
but then s = 2 which cannot be the case by the choice of s. Similarly, if‘ 
s j (p” -‘... 1) with k < a < 2k then s / (p” k - 1 j, which implies k == a. Since 
pi’ - i is not a factor of m, s has the desired properties. 
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LEMMA 2.4. Suppose m is an integer; then 
(a) (m2-m+ l,m’+m+ l)= 1, 
(b) (mZfm+1,m4--mZ+l)=l, 
(c) (m * 1, mz + 1) = 1 if m is even, and 
(d) (m*+l,m*+m+1)=1. 
ProoJ: The proof is trivial. For example, suppose r is a prime dividing 
m2 f m -I- 1 and m4 - mz + 1; then Y divides (m’ + m + l)(m’ - m + 1) - 
(m” - m2 + 1) = 2m2. Hence, either r = 2 or Y divides m, both of which are 
impossible since m* + m + 1 is odd and r > 1. The other parts are proved 
with comparable ease. 
LEMMA 2.5. If p is a prime such that pk = 2” - 1, then k = 1. 
ProoJ: This is well known. 
3. EXAMINING THE KNOWN SIMPLE GROUPS 
By a “Chevalley group” we mean any of the groups constructed in [3 1 
along with their derived subgroups. Our notation for the Chevalley groups is 
also from 131. A sporadic simple group is a simple group which is not a 
Chevalley group nor an alternating group. A list of the known sporadic 
simple groups and their orders may be found in 12, p. 351. 
Following Hall 171, if G has a Hall rc-subgroup then we say G satisfies 
E,. When x = {p, ~1, we write E,,,. 
First we quote one of Hall’s theorems. 
PROPOSITION 3.1 17, Theorem A4]. Suppose r < s < n, where r and s are 
prime; then S, has a Hall {r, s}-subgroup only when r = 2, s = 3, and n = 3, 
4, 5, 7, or 8. In particular, A, does not satisfy E,., for any pair of odd primes 
r,s ifn>5. 
Now we turn to the simple Chevalley groups. Suppose p is a Mersenne 
prime greater than 3. The group A,(p) is isomorphic to L,(p). If N is the 
normalizer of a Sylow p-subgroup of A,(p) then N has order {p(p - 1) and 
is a Hall 2’9ubgroup. By the Feit-Thompson theorem, N is solvable. Thus, 
N and G satisfy E,+, for all odd primes r by another one of Hall’s theorems 
(see 151 or 17, Theorem D3]). In the next proposition we show the 
uniqueness of this situation among Chevalley groups. 
PROPOSITION 3.2. Suppose G is a simple Chevalley group of charac- 
teristic p which satisfies E,., for all odd primes r; then G is isomorphic to 
A,(p) and p is a Mersenne prime greater than 3. 
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ProoJ Let U be a Sylow p-subgroup of G. For each odd prime r, G has a 
Hail {p, r)-subgroup. By Sylow’s theorem, we may conjugate if necessary 
and obtain a Hall {p, r-}-subgroup containing U. L,et S, be a Sylow r- 
subgroup of G such that US, < G. Finally, let B =: ,VJU). This notation is 
fixed throughout he proof. 
Assume G is any one of the following groups: A,(q), B,(y). C,(q), D!(9), 
G,(q), F,(q), E,(q), E,(q), &&I), ZAI(~2j, *D7(d), or 2&(q’j, where 4 > 3 
and q is a power of p. Theorem 5.3 of Spitznagel 1141 applies here and 
implies S, < B for each odd prime r. Thus, if 9 is .even then B = G and 
U g G. This contradiction allows us to assume q is odd. In this case: 
IG : B] is a power of 2. 
Now B is a Bore1 subgroup and its order is easy to compute j3, p. 121. 
14.1.21. If G is not twisted then [G : B] is divisible by the odd number 
(q3- 1)/(9-l)= 9’ + q -t. I unless G = B,(q) or A,(q). In the first case, 
(G : B 1 = (9 f l)*(q -t l), which cannot be a power of 2. If G = A i(9) then 
[G:B]=q+ 1 SO 9=2”-- 1 for some positive integer 72. By Lemma 2.5 
9 =p is a Mersenne prime and we have the desired conclusion. If 
G = ‘A!(q’), ‘D,(q’), or *E,(q”) then [G : Bj is divisible by 9’ - 9 ,i- 1. 
9’ $- 9 ,t 1, or q2 c 9 i- 1, respectively, and hence is not a power of 2. 
Now suppose G is one of the groups discussed above with 9 = 2 or 3. 
Then we compute the order of B and discover that B is a {2,3 j-group arid .B 
does not contain a Sylow 3-subgroup of G when 9 = 2. Let I= {l, 2,...” ki. 
where k is the Lie rank of G. There is a lattice isomorphism from the lattice 
of subsets of I to the lattice of parabolic subgroups of G (that is: the lattice 
of subgroups of G containing B) 13, 8.3.2, 8.3.41. For Jcr I let PJ be the 
image of J under this lattice isomorphism. Suppose r is any odd prime 
dividing IGj with rf 3 if q = 3. Spitznagel’s Lemma 5.1 ! 141. implies 
BS, < G. Let Jr be the subset of I with PJ, = BS,. By :he choice of I’. 
B < BS, so J, # 0. Furthermore, if r and s are distinct odd divisors of I Gi 
and r # 3 z s if 9 = 3 then PJrnJ, - P J, n PJ, = B = P, so J, !n Js := 0. Thus. 
if 9 = 2 then the number of odd primes dividing !GJ is at most k, the ‘Lie 
rank of G, for otherwise I would have more than k disjoint nonempty 
subsets, namely the subsets J,. Similarly. if 9 = 3 then the number of odd 
primes different from 3 which divide IG] is at most k. 
Assume G = A,(3); then G has rank 1. The order of A,,(3j is divisible by 
17 odd primes. Using Lemma 2. I and an easy induction we see that IA ,(3); is 
divisible by at least I+ 2 odd primes for I > 15. ln particular, !A,(3)j is 
divisible by at least, I + 1 odd primes other than 3. Thus, from the preceding 
paragraph: I< 64. If 7 < I < 14, then G has a Sylow 4 l-subgroup of order 4 1 
so by applying the Sylow theorems to US,, we find S,, < NG(U) = B which 
is impossible since B is a {2,3]-group. For 3 < i< 6, G has a Sylow 5- 
subgroup of order 5 so S, <B, again a contradiction. Assume G = AZ(3): 
then ! G) == 24 . 3” . 13 and 1 G : BS,,] = 4, which is impossible since G is 
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simple and 1 GI does not divide 4 !. As A ,(3) is solvable, we have shown 
G#A,(3). 
Next suppose G = A,(2). Since G has rank 1, the number of odd primes 
dividing JG( is at most 1. However, induction and Lemma 2.1 may be used to 
prove IA,(2)1 is divisible by at least 1 + 1 odd primes for I> 22. We now 
asumeZ<21.Weselectaprimesasfollows:s=257for 15<1<21,s=17 
for 7 < I,< 14, s = 5 for 3 < I< 6, and s = 3 for I= 2. Let 7c = (Y : Y is an 
odd prime dividing ) G 1 and r # s}. Using the notation introduced earlier, let 
J = lJ J,, the union being taken over all r E K. J is a proper subset of I since 
J, fY J= 0 and J, # 0. Hence: PJ is a proper subgroup of G. Now P., = 
(?I, : YE rc) [ 3,8.3.4] and each PJ, contains a Sylow r-subgroup of G. 
Hence, by order considerations, [G : P,] divides s since s was chosen so that 
a Sylow s-subgroup of G has order s. Thus, [G : PJ1 = s but this gives a 
contradicticn because in each case ) G 1 does not divide s!. 
Next turn to the groups ‘A,(3*), 12 2. The Lie rank is 41 if 1 is even and is 
i(Z + 1) if 1 is odd [3,8.3.8 I. We will show that the number of odd primes 
different from 3 dividing I *A,(3*)/ is greater than the Lie rank provided 12 4. 
The order of *A,(3*) is divisible by 7, 5, and 61 so the result holds for I= 4. 
Now suppose 1 > 4 and consider the case where 1 is even. By induction there 
are more than 41 odd primes other than 3 dividing I ‘A, ,(3’)( and, since 
each of these primes also divides 1 *A,(3*)j, we are finished in this case. If 1 is 
odd then the induction hypothesis gives more than f(Z - 1) odd primes other 
than 3 dividing I *A,- ,(3’)1. Lemma 2.3 ensures that at least one additional 
odd prime is introduced in j *A,(3*)1 by the term 3” ’ - 1 and the induction 
is complete. Thus, G cannot equal ‘A ,(32) for 1 > 4. If G = *A 3(32) then G 
has a Sylow 5-subgroup of order 5 and by the Sylow theorems U 4 US, 
contradicting the fact that B is a {2,3}-group. If G = *A,(3*) then IBS,I = 
33 . 23 . 7 and [G : BS, I= 4 which cannot be the case. 
The groups ‘A,(22), 12 2 are handled similarly. That is, for Z> 4 
Lemma 2.3 is used as above to prove I ‘,4,(2*)1 is divisible by “too many” 
odd primes. If G = ‘A3(2*) then [G : BS,] = 5 and we have the usual 
contradiction. Since ‘A,(22) is solvable we have eliminated this family of 
groups. 
Other families may be disposed of by these same methods. Lemma 2.1 and 
induction show IB,(q)l and IC,(q)l: q = 2 or 3, are divisible by too many odd 
primes provided 12 5. The same is true of I Dl(q)l, q = 2 or 3, if I> 8 and of 
1 *IIl(q q = 2 or 3, if I> 6. If G = B,(3) or C,(3), 2 < I< 4, then let r = 5 
if 1= 2 or 3 and let r = 41 if I= 4. If G = D,(3), 5 < I< 7, or if G = 2D,(3), 
1 = 4 or 5, then let r = 41. In all cases it is easy to show S, < B which is a 
contradiction. If G = B,(2) 2 C,(2), I= 3 or 4, or if G = D,(2), 4 < I < 6, or 
if G = 2D,(2), I= 4 or 5. then let s = 7. If G = D,(2), then let s = 13. In 
these cases, we construct a subgroup of index s as was done when dealing 
with A,(2) and obtain a contradiction. B2(2) is isomorphic to the symmetric 
group of degree 6 so we consider the case G = B:(2)’ r A,. Here there is nc 
Hall (2, 3 !-subgroup since such a subgroup would have index 5. Final!y we 
assume G = D,(3). Let N be the normalizer in USi or Sj. If .I\:= 5,. then by 
counting the elements in Sylow 7-subgroups we find U 4 US, and ST <B. 
‘Thus, ST < A’ and it is easy to show 1% : S,] is divisible by 3” and so some 
element of order 3 centralizes S7. The character table i 9 / provides the con-- 
tradiction. 
it is trivial to check that the orders of F,(q). Eh(q), E:(y), E,(q)., and 
‘E,(q2) for q -= 2 or 3 are divisible by more than the a!iowable number of 
odd primes. Turning to the groups of type Gz? G,(2) is not simple and 
G,(2)’ z ‘A2(3’), which was discussed earlier, so suppose G = G,(3). It is 
easy to verify I! < N&S,). However, in G,(3), 3 E x1 [ 1: 1) meaning that a 
Sylow 3,.subgroup of G normalizes no nontrivial 3’-subgroup. 
We have now examined all of the groups listed in the second paragraph of 
the proof for all possible values of q. To complete the proof we direct our 
attention to the groups ‘D,(q’); 2B,(9Z), q’ = 2’“! ‘; ‘G,(q’). q’ - 3’lne ‘1 
and ?FJ(q2), q’ = 2’m+i. Each of these groups has a (B. IV)-pair so by the 
same argument used earlier, if G is any of these groups, then the number of 
distinct odd primes dividing the index of the Bore! subgroup cannot exceed 
the Lie rank of the group. Otherwise, we may use Spitznagei’s Lemma 5.1 
1141 and our hypothesis to construct more than 2” parabolic subgroups. 
where k is the Lie rank. This observation will be used repeatedly. 
Suppose G = ‘II,( The order of B is 9i’(9 -- i)(q” - 1) and IG : R j = 
(q -k l)(qj --I l)(q’ i q4 + 1) = (q + 1)2(q2- 9 + Iyfq” f 9 $ tj(gj --q* $- I j. 
The numbers q’ --q + 1: 92 + q i 1. and q’ .- 9’ G- 1 are odd and by 
Lemma 2.4 are pairwise relatively prime. Thus jG : B j is divisible by at ieast 
3 odd primes whereas G has rank 2. 
Assume G = ‘B,(q’), where q’ = 21rn. ‘. We note that ‘B?(2) is solvable 
so we have 9’ > 2. From Suzuki’s list of subgroups of these groups i!.5, 
Theorem 9 j we see that the order of any proper subgroup containing a fu!i 
Sylow 2-subgroup of G divides q4(q2 - 1) (the ‘*q” in Suzuki corresponds to 
our ‘*q2”j. However, if we let I’ be any prime dividing (q’ + i) then US,. is ;? 
proper subgroup of G but its order does not divide q’(q’ -.- 1 j because 
(q’ -- i. q3 -t I) = i by Lemma 2.4. 
Next suppose G = ‘G,(q’). where q2 = 32’nc i. ‘G,.(3) is not simple and. 
‘G,(3)’ z A,(8), which has already been considered, so we may assume 
q’ > 3. In this case, /G : B] =qh + 1. Since G has rank l? IG : B] is divisibic 
by only one odd prime. Let r be that prime; then 1 # [G : BS,.i divides 8 
since [G : tirS,Vi is a power of 2 and Sylow 2subgroups of G have order 8. 
However, jGI does not divide 8! so G f ‘G,(q’). 
Finally, assume G = 2F,(q2), where q2 = 2*‘-! ’ and q2 > 2. We have 
/G : BI = (q2 f l)(qJ + l)(q’ $ I)(q” $ 1) = (q2 $ I)2(q” +- l)‘(q” ‘- 9’ -t. !)’ 
(q5 + 9’ + 1) and the last three factors are pairwise relatively prime by 
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Lemma 2.4. Thus, [G : B] is divisible by at least three distinct odd primes 
which is a contradiction because G has rank 2. The one remaining Chevalley 
group is *F,(2)‘: the Tits group. If G is this group then consider US,,. By 
the Sylow theorems, U<N,(S,,) so some involution centralizes S,3 but this 
is not the case in the Tits group [ 121. 
Next we consider the sporadic simple groups. 
PROPOSJTJON 3.3. Suppose G is one of the 26 known sporadic simple 
groups; then G does not satisfy E,., for some pair of odd primes p, r. 
Proof. Let p be the largest prime dividing ]G(; then a Sylow p-subgroup 
of G has order p. In addition, Tables IIa, IIb, and IIc of Williams [16] show 
that a Sylow p-subgroup is self-centralizing. 
If G is M,i, M,,, or Held’s group, let r = 3. If G is the Janko-Hall group, 
let I’ = 5. Otherwise, it is easy to find an odd prime r such that a Sylow r- 
subgroup of G has order r and r does not divide p - 1. Assume G satisfies 
E ,,,r ; then the Sylow theorems imply that a Sylow p-subgroup is normalized 
by a Sylow r-subgroup. Since r has been chosen in each case to be a prime 
which does not divide p - 1, a Sylow r-subgroup must in fact centralize a 
Sylow p-subgroup. This contradiction completes the proof. 
Finally, we have a proposition about Chevalley groups of even charac- 
teristic. 
PROPOSITION 3.4. If G is a nonsolvable Cheualley group ooer afield of 
eoen characteristic which has a Hall 2’-subgroup then G = A2(2) 2 L,(7). 
Proof. Let H be a Hall 2’-subgroup and let T be a Sylow 2-subgroup; 
then G = TH and, by definition, H is a flag-transitive subgroup of G. If G 
has Lie rank at least 2, then Seitz’s classification [ 13 ] immediately gives G = 
A,(2) z L,(2) zz L,(7). Thus, we only need to consider the groups A,(2”) z 
L,(2”), n > 1, ‘A2(2*“)% U,(22”), and 2B2(q2), q2 = 22nt’, n > 1. These 
groups are easily handled by simply examining the lists of their subgroups 
provided by 18; 10, 11.8.27; 151. 
4. THE MAIN THEOREMS 
A K-group is a group whose composition factors are known simple 
groups, that is, cyclic groups of prime order, Chevalley groups, alternating 
groups, or one of the 26 sporadic groups. 
The results mentioned in the introduction as well as some related results 
follow readily from the propositions of the previous section. 
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~'HEOREM 4.1. A K-group is solcable if it satisjles E,,? for ecer-): pair oj- 
primes p, r. 
Proqfi Assume the theorem is false and let G be a counterexample of 
minimal order. If 1 f N a G: then hT and G/N satisfy E,,., for every pair of 
primes. By induction, N and G/N are solvable and, hence, G is solvable. 
Therefore we may assume G is a known simple group. 
Propositions 3.1, 3.2, and 3.3 imply GrA,(p) zLl(p), where p is a 
Mersenne prime greater than 3. However? a glance at Dickson’s list of 
subgroups of .&(p) 110, 11.8.271 reveals the failure of EZ,r,a 
THEOREM 4.2. If G is a simple K-group which satisj!es El., then G z 
L:(p), where p is a Mersenne prime greater than 3. 
Proof. If G is a Chevalley group of even characteristic, then 
Proposition 3.4 provides the desired conclusion. Otherwise let. H be a Hall 
2’subgroup of G. By the Feit-Thompson theorem [4]: H is solvable. By 
Hall’s theorem 151, H satisfies Ep,r for every pair of odd primes p, r. Thus, G 
satisfies E,,, for all pairs of odd primes. Propositions 3.11 3.2, and 3.3 
immediately complete the proof. 
COROLLARY 4.3. Tf G is a K-group which sati@Tes El, and 1 Gi is no! 
divisible by any Mersenne prime greater than 3: then G is solcable. 
Prooj: Assume G is not solvable. Let L be a nonabelian composition 
factor. By Theorem 4.2, L g L,(p) with p a Mersenne prime greater than 3. 
Thus, p divides 1 G 1) contradicting our assumption. 
COROLLARY 4.4. If G is a K-group which satisjies Ez, and E, I3 then G iz 
solcabie. 
Proof: Let G be a counterexample of minimal order; then G is simple. 
Thus, G z L,(p): p a Mersenne prime, p > 3. However, another appeal to 
Dickson’s theorem shows that G cannot satisfy E,,. 
Before continuing, we need some additional notation. Suppose X is a 
group and rr is a set of primes. We say that X satisfies C, if it satisfies E, 
and any two Hall zsubgroups of X are conjugate in X. We say that X 
satisfies D, if it satisfies C, and every subgroup of X whose order is divisible 
only by primes in 7c is contained in a Hall n-subgroup of X. Finaily, X” 
denotes the terminal member of the derived series of .X whiie S(X) is the 
largest normal solvable subgroup of X. 
Our next goal is to prove that a K-group satisfying El, also satisfies I)? . 
We riced a few preliminary results. 
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COROLLARY 4.5. Jf G is a K-group which satisfies E,:, then G satisfies 
C 2” 
Proof: Assume G is a counterexample of minimal order. If 1 f N 4 G 
then by induction N and G/N satisfy C, . . By Theorem C 1 of 171 and the 
Feit-Thompson Theorem, G satisfies C,.. Assume G is simple; then G z 
.L,(p) with p a Mersenne prime,p > 3. It is easy to verify that L,(p) satisfies 
C,:. 
LEMMA 4.6. In L,(q), q =p”, the intersection of the normalizers oJ‘any 
three distinct Sylow p-subgroups is trivial. 
Prooj: L,(q) has a faithful representation as a 2-transitive permutation 
group of degree q + 1 in which each nonidentity element has at most two 
fixed points 110, 11.&l]. Moreover, the point stabilizers arc precisely the 
Sylow p-normalizers. The lemma follows. 
LEMMA 4.7. Assume p is a prime greater than 3. Suppose T= KD, 
where K = K, X a.. x K, and Ki 2 L,(p) for 1 < i < t, D = (x> is a cyclic 
group of odd prime order r, K 4 T, and K I? D = 1. Then C,(D) = 
G(D>Y x WAD)) and (C,@Wx: is either trivial or is isomorphic to the 
direct product of copies of’ L, ( p). 
ProoJ We proceed by induction on t. 
First observe that if D = C,(K), then C,(D) = K and there is no more to 
show. Thus, we may assume from now on that C,)(K) = 1 and so x induces 
an automorphism on K of order r. 
Suppose t = 1; then Aut(K) z PGL(2,p) and so since r is odd x induces 
an inner automorphism of K. Hence, C,(x) = C,(k) for some k E K. Using 
Dickson’s list of subgroups of L?(p) we find that C,(x) is solvable. 
Now assume t > 1. D acts on the factors of K by conjugation. Suppose the 
action is not transitive; then there are nontrivial normal subgroups N, and 
N, of T such that K = N, x N, and each Nj is the direct product of at most 
I - 1 of the Ki)s. Let C = C,(D) and Cj= C,v;(D) for j = 1, 2. It is easy to 
check that C = C, X C,. Furthermore, by apilying induction to the group 
Nj D we find Cj = CF x S(Cj) and C;? has the desired structure for j = 1.2. 
Hence, C = (CT x CT) X (S(C,) X S(C,)) = C” x S(C) and C has the 
desired structure. Therefore, we may assume D acts transitively on the 
factors of K and so t = r. 
It is well-known that Aut(K) is isomorphic to the wreath product W = 
PGL(2:p) 2 S,. To simplify the coming computations we identify each Ki 
with L,(p) and identify x with the element lar of W, where I= (I,, 12,..., I,), 
li E PGL(2,p) for 1 < i < r, acts on K in the obvious way by conjugation 
and a E S, acts on K by permuting the factors according to the action of a 
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on the subscripts, i.e., KY = Kaci,. In addition, the normal subgroup of l+ 
which is the direct product of r copies of PGL(2,p) is acted on by cz in the 
same way. In particular, the ith component of I” -’ is I,r:i). 
As x has order r, 1 = (la)‘= l*a’, where I* = ].--J;:i E”.‘. Hence, 
i* = ! = TX -’ and so a is an r-cycle. Relabeling if necessary, we may assume 
a = (1 2 ‘a. Y). By examining the first component of 1” we find I, I, ..a I, = I. 
For 2<i<r, let yi=Z, ...li-, and let C=!(z:P: . . . . z’<):zEL,(p)i. 
Clearly, C < K. We claim C = C,(D). Suppose k E C, then k” = k!” I= 
(z’l, zczI:,“e*l Z?rlr)n = (z%* ,...) z?“, z)” = (z,zYz ,... ,zYr) = k. Therefore, C < 
C,(X) == C,(D). A similar routine computation gives the reverse inclusion. 
The restriction to C,(D) of the projection homomorphism of K onto its 
first factor is now easily seen to be an isomorphism onto L,(p). Thus.. 
C,(D) = (C,(D))” r L,(p) which completes the proof of the lemma. 
LEMMA 4.8. Assume p is an odd prime greater than 3. Suppose T = KD, 
where 1) i.7 an elementary A belian r-subgroup of T for some odd prime r. 
K = K”‘ x S(K), whe.re Km is either triciai or is isomorphic to the direct 
product 0;” copies of L,(p), K a TT and K r? D = 1. Then C,(Dj = 
(C,(D)jx x S(C,(D)): where either (C,(D))‘% [,s tririai or is isomorphic io 
the direct product of copies of L,(p). Furthermore. ifp is a Mersenne prime. 
then C,(D) satisfies C,,. 
ProoJI The proof is by induction on 1 T;. 
If D <Z(1), then C,(D) = K and we arc finished. So assume 
.uE D-Z(r). Suppose (x\ f D; then K(x) < 7‘ and by induction, 
K: -= CK(.y) has the structure indicated. Now K, < K since x @ Z(7) and 
K: < K, D < G. By induction C,,(D) has the desired structure. However.. 
C,(D) < K, so C,(D) = C,!(D) and the proof is complete. Thus, we ma+ 
assume 13 = (x). 
It is easy to see that C,(D) = (C,(D) R K”‘) x (C,(D) fl S(K)). If 
K” = 1: there is no more to show. Otherwise, we use Lemma 4.7 with the 
group K”‘D and conclude that C,(D) P, KxC has the specified structure. It 
foilows that C,(D) also has the required structure. 
If p is a Mersenne prime, then C,(D) clearly satisfies Ez.. By 
Corollary 4.5, C,(D j satisfies C2.. 
We now come to the final result of the paper. 
~HI5OKk31 4.9. If G is a K-group which satisfies EzST the/l G satisJi:es 
D,., 
Proof. We proceed by induction on ICI. For convenience, some of the 
steps of the proof are numbered. 
(1) If p is a Mersenne prime greater than 3: then Lz(pj satisfies D, . . 
This is readily deduced from [ 10, Sect. 11.81. 
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(2) We may assume G is not simple. For if G is simple then G z 
L,(p), where p is a Mersenne prime greater than 3. Thus, G satisfies D,. by 
(1). 
(3) G has no nontrivial solvable normal subgroup. Otherwise, G has a 
minimal normal subgroup S which is an elementary abelian s-subgroup for 
some prime s. By induction, G/S satisfies D,,. Theorem D5 of 171 along 
with the Feit-Thompson theorem implies that G satisfies Dzs. 
(4) Let K be a minimal subgroup of G; then K < G and K = K, X 
K, X a-- X K,, where K, z K, z ... r K, z L?(p) and p is a Mersenne prime 
greater than 3. In particular, K satisfies D,,. This assertion is immediate 
from (2), (3), Theorem 4.2, and (1). 
(5) If P is a Sylow p-subgroup of K, K < T< G: and T/K satisfies 
E 2s: then M,.(P) satisfies D,,, Hall 2’-subgroups of N,(P) are Hall 2’- 
subgroups of T: and N,.(P) is a Hall 2’subgroup of T if IT : K] is odd. 
We first observe that N,(P) < G which is obvious if T < G and which 
follows from (3) if T= G. Now by the Frattini argument 1.10, 1.7.81, 
T = N,(P) K. Thus: N,(P)/iV,(P) z T/K. By hypothesis, T/K satisfies E,, so 
N,.(P) also satisfies E,, since IN,(P)1 is odd. Hence, N,.(P) satisfies D,: by 
induction. Furthermore, if W is a Sylow 2-subgroup of K then we know 
K = NK(P) W and N,(P) n W = 1. Therefore, since T = IV,-(P)K from above, 
we have T= N,.(P) W and the remaining portions of (5) follow easily. 
In light of Corollary 4.5, to prove the theorem we need only show that if 
A4 is a subgroup of G having odd order, then A4 is contained in a Hall 2’- 
subgroup of G. Obviously we may assume M is a maximal odd order 
subgroup of G, that is to say, A4 is not properly contained in any odd order 
subgroup of G. 
(6) We may assume KM = G and N,(P) is a Hall 2’-subgroup of G if 
P is any Sylow p-subgroup of K. To establish this claim, let L = KM and 
suppose L < G. Since [.L : K] is odd, L/K obviously satisfies E,, so w-e apply 
(5) with T= L and find N,(P) is a Hall 2’9ubgroup of L. Thus, L satisfies 
E,, and so by induction it satisfies D,,. Hence A4 < Ai, < N,(P,) for 
some Sylow p-subgroup P, of K. Using (5) again, this time with T = G, we 
have N,(P,) satisfies D?, and contains a Hall 2’9ubgroup of G. Thus, A4 is 
contained in a Hall 2’9ubgroup of G as was to be shown. Therefore, we may 
assume KM = G. This means [G : K] is odd and so by (5), IVJP) is a Hall 
2’9ubgroup of G as claimed. 
(7) KnM= 1. Since KnM has odd order and K satisfies Dzs, 
K n M <N,(P), where P is some Sylow p-subgroup of K. If M < ;V(;(P) then 
the proof of the theorem is complete, so we may assume there is some 
element x in M - N,(P). The group (x) acts on the set of Sylow p-subgroups 
of K by conjugation and the orbit containing P contains at least three Sylow 
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psubgroups since Px #P and (xl has odd order. Hence: P, P”, and P”’ are 
distinct Sylow p-subgroups of K. Using Lemma 4.6 and the structure of K? it 
is easy to show N,(P)nN,(P”)fi R;,(Px')= 1. However, x E M and 
K 4 G so K n M is contained in this intersection. Therefore, K n M = 1. 
Let T/K be a minimal normal subgroup of G/K. The order of G/K is odd 
so T;/K is an elementary Abelian r-group for some odd prime r. in addirion, 
T= .K(Tn M) and Tn :I4 is a normal elementary A.belian r-subgroup of :M 
because K n M = I. Let H be a Hall 2’-subgroup of G and let R be a Syloa; 
r-subgroup of T containing T n 114. As T 0 G. H n 7’ is a Hall 2’subgroup 
of T. By the Sylow theorems, we may conjugate H if necessary and assume 
R<HnT. 
(8) The subgroup N = N,(Tn M) satisfies D,,; From (3). N < G so it 
suffices to show that N satisfies E?, . Now M<.%' so N- kf~~ti(TnILI;. 
Furthermore, I,V~(TnM),TT'IMl~K,~M= i SO N,,JTf:M)- 
C,(TnM). By Lemma 4.8, C,( Tn M) satisfies CzI. Moreover, 
C,(TfiM) 4 :V and N/C,(Tn M) has odd order so N satisfies E, b:; 
Theorem E2 of [ 7 1. 
Since M < N and iV satisfies Dzj, the maximality of M implies M is a. Haii 
2’-subgroup of N. Furthermore, Tn.44 is a Hall 2’-subgroup of T5 Iv since 
7 i? N 4 N. 
Suppose T<> $2 (R; then TC"J M ( N,JTnM) < T.q N because R is a 
Sylow r-subgroup of T. However: this is a contradiction since :VR(Tn M) 
has odd order. Therefore, Tn M = R is a Sylow r-subgroup of T and also of 
H f? 7: By the Frattini argument. H = (H n T) N,,(R) < TN,,(R). Ix: 
I:= N,,(R); then G= KH, T=K(Tn M)= K.R. and R < li so G-Kfl"- 
.K1; = KM. Thus, I LI; > /IMI. However, I c’/ is odd and both il and .M are ic 
N. Hence. ti and M are Hall 2’-subgroups of N and (8) implies M == &‘” < H-’ 
i-0: some .X E N. This finishes the proof. 
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